Technologies for automated fibre lay-up have proven their usefulness in composites manufacturing. Further development of the technologies, such as Automated Dry Fibre Placement (ADFP), allow further reduction of waste and increase of the design space through tow steering which enables creation of composites with tailored properties. Tow steering is, however, limited by possible defects such as wrinkles which result from mismatch of fibre length and steering path. This paper addresses wrinkle formation at different steering radii and provides a closed-form solution for the problem. Experimental results are used for estimation of the model parameters and validation of the model. An analytical framework is used to explore effects of processing parameters on defect formation. It was found that the tack stiffness has the greatest influence on defect formation. Parametric studies showed that increase of the temperature within the admissible temperature window can improve the tack properties and hence improve the lay-up.
Introduction
Automated lay-up technologies provide an opportunity to reduce manufacturing costs by reducing waste of material during fibre preforming and potentially increase production rate. Two main variants of automated lay-up are Automated Tape Lay-up (ATL) which operates with wide tapes ($100 mm width) and Automated Fibre Placement (AFP) which operates with up to 32 tapes (usually called tows) each with typical width between 3 mm and 12 mm [1] . In both cases, the lay-up is aided by a head which feeds and compacts the tapes in a single automated operation. One of the main advantages of AFP technology over ATL is its ability to cut each of the narrow tapes separately, hence further reducing waste. Prepreg tapes are the current standard material used in ATL/AFP, however there are current developments in using dry fibre tapes. The ''dry tows" are typically non-impregnated slit unidirectional carbon fibre coated with a thermoplastic binder on one side and a mesh substrate (thermoplastic or glass fibre veil) on the other side. AFP makes it possible to utilise in full the concept of variable-angle tow composites by steering tows during lay-up [2, 3] . This vastly expands the design space and allows the design of components which have improved stiffness, buckling or other properties when compared to non-steered laminates [4] . However, steering of the tapes can be challenging due to limitations on path curvature, lay-up speed and other parameters. The main challenge of automated lay-up is to achieve the control of defects such as out-of-plane wrinkles and tow pull ups. Both of these are the result of mismatching tow length and steering path and hence excessive compression or tensile force which buckles or lifts tows beyond the point they can be held by adhesive forces. It has been reported that it is possible to achieve defect-free lay-up with a minimum steering radius of 0.5 m for some material systems [1] . One of the possible alternatives to tow steering is adoption of continuous tow sheering which is less susceptible to wrinkling [5] . However, it still remains unclear how the minimum steering radius can be predicted prior the manufacturing and, more importantly, whether steering radius can be linked directly to the occurrence of defects in the lay-up.
There is strong dependence between the tackiness of the tows (either ''dry" or prepreg) and how well the tow conforms to a substrate [1, 6, 7] . At the same time, the tackiness depends on the process parameters such as temperature, pressure and time [6, 7] . Analysis of prepreg conformance to a substrate was carried out by Gutowski and Bonhomme [8] for a problem of end curling in prepregs using Newtonian squeeze flow theory in combination with beam bending analysis. The analysis provided bounds for lay-up speed and consolidation force for given prepreg parameters but did not include the effects of temperature. Several works were devoted to estimation of interlaminar or bonding strength of AFP-made laminates using the concept of ''healing" or diffusion of polymer across contacting surfaces [5, 6] . This approach demonstrated the ability to predict the trends in evolution of these parameters with change of process parameters which can be used for optimisation of the manufacturing process and evaluation of the properties of the interface between the tow and the substrate [9] [10] [11] . Wrinkling (or buckling) during in-plane tow steering was explored by Beakou et al. [12] who employed elastic buckling analysis to describe the problem. Interface between the dry tow and substrate was represented as an elastic foundation which allowed linking of the tackiness and the minimum steering radius. However, this approach was based on a constant size parameter, the value of which was not justified. This paper focuses on the theoretical analysis for the lay-up of a steered dry tows using an ADFP facility. Limited experimental results are presented in Section 2 and used for estimation of the model parameters. Section 3 outlines the main assumptions and considerations for mechanical modelling of steering for dry tows. The main concept of the mechanical analysis is to consider wrinkling as elastic buckling of a plate and hence individual manifestations of buckling will be referred to as wrinkles in this publication. The tow is treated as an orthotropic solid plate on elastic foundation under non-uniform compressive load with appropriate boundary conditions developed from the approach by Beakou et al. [12] and with a clear link to physical parameters. The resulting closed-form solution for buckling load is analysed in terms of steering radius and stiffness of elastic foundation. The previously mentioned polymer ''healing" theory is applied in Section 4 for a parametric analysis of process parameters on the quality of lay-up. Section 5 discusses applicability and limitations of the modelling approach and implications of the parametric study in Section 4 on the practical aspects of the tow steering. Section 6 gives overall conclusions and recommendations for practical use of AFP machines.
Experiments
A Coriolis AFP machine with an eight tow feed head and 6.35 mm width individual tows was used to perform several dry tow steering trials. The material was unidirectional carbon fibre 24 K slit tapes with areal weight of 194 gsm coated with a thermoplastic binder on one side and a glass fibre veil on the other side. The purpose of the trials was qualitative assessment of behaviour of tows when laid down at various steering radii. The tows were laid on a three layer [90°/0°/90°] substrate made of the same material. The radii were 1.5, 1.2, 0.9, 0.7, 0.5 and 0.4 m. The roller pressure was controlled at 200 N with a deposition speed set at 1 m/s. Tow deposition temperature was controlled by a laser heating system mounted on the AFP head. The laser heating system is power controlled with no thermal feedback, and was set at 800 W for this study. A thermal camera was fitted to monitor the temperature during the lay-up, which registered typical temperatures of 250°C at the outer surface of the tows. Several examples of the lay-up are shown in Fig. 1 . It can be seen that wrinkling due to buckling occurs in all the steering paths at the inner radii which indicates that tows are too stiff and tack is too low to accommodate the imposed compressive deformations. It can also be noted that the wrinkling is relatively regular along a tow length and it can be considered to be periodic in the first approximation. The main difference between the tows laid at different steering radii is the frequency of wrinkles and their length. The wavelength of wrinkles was measured manually by counting the number of wrinkles per 1 m of tow length and is given in Table 1 . The wavelength of wrinkles was measured for an inner tow only but it is expected that the wavelengths for adjacent tows are relatively close to each other.
Modelling of tow steering
The main reason for out-of-plane wrinkling of tows is mismatch of the imposed geometrical path and the tow length. If a tow is laid on a curved path then it will result in combined compressive and tensile load applied through the width of the tow, with the exact distribution depending on how the steering path is imposed. In principle, the applied compressive load leads to the top buckling and tensile load leads to tape pull up. This paper considers only tow buckling due to dominant compressive forces.
Observation of the produced sample for the steered tows ( Fig. 1 ) shows that multiple wrinkles form within an individual tow and that the wrinkles are spaced approximately uniformly along the length of the tow. However, it is noteworthy that, since the tow lay-up is a continuous process, wrinkles are more likely to form one by one during the process. As the lay-up progresses and the length of tow laid increases, at some point the tow buckles and releases excessive load. This buckling occurs in the first buckling mode which usually corresponds to the lowest load for short beams and plates. However, buckling is opposed by tack between the tow and substrate and this increases the critical buckling load. This also means that the postbuckling shape of the tow in the presence of tack will result in both delaminated and intact parts of the interface i.e. a wrinkle will localise in the centre leaving the rest of the tape having no deflection. Once the tow has buckled and wrinkled locally, the process continues until the newly deposited tow is long enough to buckle again. Therefore, it is proposed to consider each wrinkle in isolation from previous wrinkles.
Buckling of an orthotropic plate under non-uniform load
The wrinkling problem can be considered to be equivalent to the buckling of an annular orthotropic homogenous solid plate on an elastic foundation. However, since curvature of the tow and its length (spacing between wrinkles) are relatively small it is more practical to consider the problem as the buckling of a rectangular orthotropic plate. Only buckling at the inner edge is investigated in this problem and hence the plate is free at its inner edge, simply supported at its outer edge and clamped at its radial edges. Clamped radial edges represent good conformance of the tow and substrate between the wrinkles. These boundary conditions are quite different from those proposed by Beakou et al. [12] and are thought to be more realistic. A diagram of the problem is shown in Fig. 2 . The load applied to the plate originates from mismatch of tape length and the paths for the inner and outer radius imposed on the tape by steering. Both of the paths are defined by its radius only and it can be assumed that there is a ''neutral" radius, R, at which there is no length mismatch along the tape length. The mismatch of the lengths results in a compressive load, P, defined as:
where b is the width of the plate equal to the width of dry tow, P 0 is load applied at the inner edge of the plate. The load P 0 is related to the steering radius in Section 3.3. Coefficient a defines the nonuniformity of the load. The case of a ¼ 0 corresponds to uniform compression, a ¼ 1 corresponds to compression load decaying from the inner edge to the outer edge and a ¼ 2 corresponds to pure bending i.e. equal tension and compression. The differential equation describing the bending of an isotropic plate on an elastic foundation is given as:
where w is plate deflection and k is stiffness of elastic foundation.
The kinematic boundary conditions for this problem are:
The edge at y ¼ 0 is free of forces and torques, and there is also no torque at y ¼ b.
This problem has an exact solution in hyperbolic functions (and in Bessel functions for the analogous annular plate problem) which becomes complex for an orthotropic plate with given boundary conditions (mainly due to free edge conditions) as noted by Timoshenko and Grigolyuk [13] . An approximate solution can be derived using the approach outlined by Timoshenko for a similar case [13] . According to the Rayleigh-Ritz approach, the assumed solution should fulfil only kinematic boundary conditions (3). The Rayleigh-Ritz approach was used for a related problem of buckling of variable angle tow plates earlier e.g. by Wu et al. [14] .
The Rayleigh-Ritz approach dictates that the total energy, P, should be minimised with respect to its amplitude:
where P is total energy of the system equal to combination of elastic strain energy, U, energy stored in the elastic foundation, K, and work by applied load, Q:
Elastic strain energy, energy of foundation and work made by applied load are found as:
The form of an approximate solution can be chosen to be close to a function defining the applied load (1) and be convenient for closed-form solution as e.g. in [15] . The solution can be assumed to be given by:
where b and L are width and length of the tow section, m is the number of waves in a buckling mode and c i are amplitude coefficients. While it was discussed earlier that only the first buckling mode is of interest in this problem, the solution will be generalised for higher buckling modes. Substitution of function (9) into Eqs. (6)- (8) can be generalised for any number of terms but this is impractical. By using only one term of the displacement function (9), the critical load is found to be (exact derivation of energies is given in Appendix A):
The results can be refined by using more terms in the deflection function. The difference between the solutions obtained using one term (Eq. (10)) and two or three terms in representation of displacement, w, (Eq. (9)) are 3.9% and 4.1% respectively for a ¼ 1. The difference increases with increase of parameter a and the corresponding values are 15% and 16% for a ¼ 2.
Parameter a, which governs non-uniformity of the load, has a strong effect on the solution. The special case is a ¼ 6 when the solution becomes singular i.e. the buckling load is infinite. However, it should be pointed out that for the loading case when a > 2 i.e. the tensile load prevails over the compressive load, buckling is expected at the outer edge and the problem should be adapted by assuming that the inner edge is simply supported. 
Estimation of parameters
Eq. (10) for the critical buckling load includes material parameters of the tow and the stiffness of the elastic foundation. The bending rigidity of the tow was measured by a simple overhang test using a 15 cm long tow clamped horizontally at one end and a small mass at the other end. The tow was assumed to deform as an Euler-Bernoulli beam and its total deflection at the end was used to extract its Young's modulus, E 1 , which was found to be equal to 30 GPa. The difference between this value and the anticipated tensile Young's modulus of carbon fibre tow probably arises from inter-tow slippage of fibre and from the non-homogeneity of the tow. The bending stiffness of the plate was calculated as: 11 . A brief sensitivity study shows that the predicted critical buckling load with an assumed ratio between stiffness of 100 times is within 2% of the load if the ratio is assumed to be 50 times. This shows insignificance of exact values of these parameters and hence a factor of 100 will be used for D 22 ; D 12 and D 66 within the calculations below.
The stiffness of the elastic foundation is also an unknown parameter as it has never been measured for the given system. The parameter k will be estimated using experimental data in Section 3.3.
Critical steering radius
Eq. (10) gives the critical buckling load for a plate under nonuniform load but does not link it to parameters of the steering path. Moreover, in the steering problem the load remains constant while the length of the tape increases. This constant load from steering, which originates from the mismatch of the tow length and path length. This mismatch can be derived by assuming that the tow was steered at radius R over an arbitrary angle h so that is has a length hR. It should be noted that the radius R corresponds to some ''neutral" line, at which there is no length mismatch. The other parts of the tow have a length mismatch which depends on coefficient a (see Fig. 1 ). The internal edge of the tow has length of hðR À b=aÞ and hence the strain arising from the mismatch is equal to b=ðaRÞ. Consequently, the maximum amplitude of the distributed load (1) can be written as:
where E 1 , h and R are respectively the Young's modulus of the tow, tow thickness and steering radius.
Therefore, the buckling problem should be treated slightly differently in application to the steering problem. In the case when the critical load given by Eq. (10) is higher than (12) , then tow remains unbuckled. If the critical load given by Eq. (10) is lower than the load from steering (12) , then the tow buckles and the wavelength of the wrinkle, L, should be found from solving these two equations. This leads to a simple biquadratic equation:
Eq. (12) can be used to fit the unknown parameter k using experimental data from Table 1 . For radius R = 1.5 m it was found that k = 2.25 Â 10 8 N/m 3 gives the closest value to the experimental wrinkle wavelength. Higher stiffness values yields no solution which corresponds to no defects (infinite wavelength). Model predictions of the wrinkling wavelength with this parameter and parameters from Table 2 are given in Fig. 3 . It can be seen that the present approach is able to predict the trend of decreasing wrinkling wavelength with decrease of the steering radius. The most useful case is when the critical load is equal to the load induced by steering, corresponding to the threshold between buckling and no buckling. This condition can be used to find the critical steering radius. First of all, Eq. (10) is differentiated with respect to L and the minimum load is found. This load is then equated to the load given by (12) and the critical radius R cr can be found as:
where D 22 ( b 4 kD 11 was assumed.
The critical radius as given by Eq. (14) is shown in Fig. 4 for a range of tow widths and values of stiffness parameter k. Obviously, a larger tow width requires a larger steering radius to produce no wrinkling. It can be deduced from Eq. (14) that the critical radius R cr is proportional to the tape width b and R cr / 1= ffiffiffi k p for larger values of k.
Effect of process parameters on the tack and steering radius
The effect of elastic foundation stiffness on the critical steering radius was explored in the previous section. Meanwhile, the stiffness of the elastic foundation, representing the tack, depends on the processing conditions such as temperature, deposition pressure and speed. Several works [9, 11] 
successfully implemented
healing and intimate contact theories to describe the interlaminar strength of an AFP lay-up in terms of the mentioned process parameters. One of the assumptions of the healing theory is that the strength increases with increase of the contact area between two surfaces. It can be also assumed that the stiffness of the elastic foundation, i.e. stiffness of bond between two surfaces is also proportional to the contact area. The aforementioned theories attempt to describe the process in terms of the characteristic time required for achieving perfect contact and perfect diffusion, so-called welding time. These characteristic times are then compared to the overall process time. By employing this approach, the dependence of the stiffness parameter in the buckling model on process parameters can be established. According to the chosen approach, the degree of healing is the ratio of current interface properties to their maximum values. In the case of an isothermal process, the healing parameter, D h , is defined as [9] :
where A is a material parameter, t, t w and l are process time, welding time and viscosity. The functions which describe the welding time and viscosity are an exponential function of inverse temperature being proportional to expðÀBT À1 Þ. Details regarding parameters A and B can be found in [9] .
Parameters required to calculate the degree of healing using Eq. (15) are non-trivial to measure and require separate characterisation for every material system. However, it is still possible to perform parametric analysis relying on some representative values and general analysis of the analytical function (15) . It can be seen that increasing the processing time, t, and applied pressure, P, increases function (15) . It has to be noted that processing time is implicitly defined by the lay-up speed, v, i.e. t / 1=v. In other words, a slower deposition speed with higher compaction force will result in stronger and stiffer interface between the tow and the substrate. However, the increase in absolute values is relatively small as shown in Fig. 5 .
The degree of healing depends on temperature due to assumptions that the diffusion process progresses faster for materials with lower viscosity and higher mobility of polymer chains. This phenomenon is empirically described by inserting functions for viscosity and welding time into Eq. (15) in the form of an exponential function of temperature. These exponential terms have a significant effect on the degree of healing as shown in Fig. 5 . The overall effect of processing parameters can be summarised as follows:
Discussion
The mechanical model presented in this work is based on several assumptions. First of all, the tows used in ADFP are assumed to be homogeneous and to behave like a solid elastic orthotropic plate. While the assumptions are reasonable for relatively rigid dry tapes, the latter assumption might be not valid for prepreg tows which exhibit viscoelastic properties at high temperatures. Moreover, such prepreg tows might exhibit additional buckling modes which will accommodate excessive length in the in-plane waviness of fibres. However, this case of transverse buckling is out of scope for the presented modelling approach.
It was assumed that the buckling process completely ignores possible nonlinearities due to energy dissipation through delamination. One of the possible discrepancies arising from neglecting delamination is incorrect description of the post-buckling localisation of the wrinkle. This effect has already been studied [16] [17] [18] for the case of thin films on rigid substrate where a film buckles with high buckling mode due to compression or thermal stresses and then progressively delaminates with localisation of a wavy surface into one dominating wrinkle. This process is possible in systems which can sustain high buckling modes without any delamination but is very unlikely here due to low tack and energy release rate. Furthermore, it is assumed that after buckling the tow immediately transforms into a fully delaminated state neglecting the progressive delamination and actual energy release rate. It is expected that the present approach results in prediction of the lower critical buckling load for a given plate length and underpredicting wrinkling wavelength. The analytical approach presented in this work is able to predict the critical load which can be used to find the minimum tow steering radius, but can also predict wrinkling wavelength if the radius is below the minimum radius. This can be beneficial in predicting the quality of the layup i.e. the amplitude and the amount of the wrinkles in a given layup.
The analytical representation of the problem makes it possible to explore the effect of system parameters on the minimum steering radius. It was found that the minimum steering radius is proportional to the square root of inverse stiffness of the elastic foundation (/ 1= ffiffiffi k p ). The analysis of the stiffness of elastic foundation in terms of the process parameters showed that processing temperature has the largest impact. It was found that increase of temperature results in exponential growth of the stiffness. Since the stiffness of the elastic foundation (tack stiffness) is one of the key parameters in the buckling model it is possible to draw several practical conclusions. One of the obvious results is that any tack improvement leads to improved quality of the lay-up. Next, higher deposition pressure and slower deposition rate both increase tack and hence improve the lay-up. However, effect of these two parameters on tack is relatively small when compared to the effect of temperature. This makes temperature a key parameter as an increase in the temperature should lead to better quality of the lay-up. This provides an opportunity to improve the quality of lay-up by adjusting the process parameters. However, it should be noted that temperature change should still remain in the admissible range to melt the polymer binder but not to degrade it.
Conclusion
The paper presents an analytical approach for prediction wrinkling of tows during ADFP. The approach ties together several process parameters: steering radius, deposition temperature, pressure and speed. The main components of the approach are in the solution of the buckling problem by approximate methods and the ''healing" theory of polymers. The solution of the buckling problem was validated on limited experimental data and was found to be able to predict correct trends for wrinkling wavelength with change of steering radius. A closed-form solution for the critical steering radius was also derived.
A theory of polymer healing was used to assess the effects of process parameters on the wrinkling wavelength and critical steering radius. It was found that processing temperature has the strongest effect on the stiffness of elastic foundation and hence on formation of the defects. It was concluded that increase in the lay-up temperature leads to lower critical steering radius i.e. improves the lay-up quality. 
